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MATHEMATICS
[4AT 3C 12 : FUNCTIONAL ANALYSIS

Time : 3 Holirs l\rlax. lvlarks : 80

PART. A
Answer Four queslions from thisparl. Each qLresilon car es 4 rnarks.

(4x4=16)

1. Show ihal if x, J rln /r thenr, -t rln l".
2. cive an example of an elemenl nr':(R)buinotln l(lR)and prove your

3. show that the norms .l,andll. - on K','=r,2,...areequivaenl.
4. Show thal c" is a Banach space.
5. Show rl^dl rr i; rve se ol a oijeclue i or l lLoJs rap ray '1ol be .onr'r -ous

6. Amofg // spaces,l s p < o, selecl lhe Hllbet spaces and prove yo!rclaim.

PART. B
Answer 4 quesilons from ihis partwithoul omiiling any unll. Each question

carries 16 marks (4x16-64)
UNIT - I

7. a) Let I L, be a norm on a inearspace xr.j=1.2, ,r'Fixpsuch

thatl < p < a.FixI = (!(l), ..;(,))in fie producr space

x=x ,...x.r., ret l'1" = '0)11i..... F(.) 'ri.

rr rsp<-ana rl- = -u{lr(t)l ..1'(.)1.} rhen show rhal1 o is a

nom on X. Also show lhal a sequence (xn ) converges lo x in X lf and
' 

only if (x,(r)converges lo x(j)in Xiforev€ryi=l, .'m
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b) Lel,{ be a norned space. Then show thal lh€ lollowing arc equivateni.i) Everyclosed and bounded subsel ofxis compacl.

ii) The subset {'€1:Fl<l}ofxis compact.
iii) X is lir te dimensionai.

8. a) Lel { and l be normed space and r.:1+y bo a tinear map_ Then
show that lhe loJlowing conditjons are equivatent.
i) Fis bounded on U(0./)lor soms | > 0.
ii) Fis continuous at 0.
iii) Fis continuous on X
iv) ris uniJomly conlinuous on l:
v) lrG)l< oll'lJor alr ,€{andsom€a>0.
vi) The zero space Z(F) oJ F is closed in X and the tinear map

F:x/z(F)-'y derined by F(x+z(F))= F(x),,e x is
continuous.

b) Define boundgd iinear map and oparator norm.
9. a) Slale and prove TaylorFoguel Th6orem-

b) Show lhal a Banach space cannot have adenumerable basis.

UNII - II
10. a) Slale and prove Unilorm boundedness p ncipte.

b) Letxbo a normed linear spaco and (, be a sequence in X provs
or disprove: (r) converg€s in Xif and only ill(t converges in Kior
every f e X'.

11. a) Prove ol disprove : The inverse of a biecUve conlinuous map is
conlinuous.

b) Let x bo a lin€ar space over (. Consider subsels U and I/ of tr, and
* € K such lhat u cI/ +ku"fhen show that every t€ Lr,lhere is a
s€quenc€ D") in z such thal ). - (\ + 1 1,,. + k-) /,) e k, u,h = 1.2...

c) D€tins projsction operalor and give an examplo.
12. a) Stale and prcve open nappng lheorem.

b) Show lhal lhe closed g€ph theor€m may nol hold if the range oi the
linoarmap ls nola Banach space.

uNlT- lll
13. a) State and prcv6 Bsssel's inequalily.
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countable orlhonormal

a Hllb€rl space and

(3)

b) Lelxbe an inner prcduct spac6,

set in l and &,&,...belong 1o

{!,,a...}be a

K. if lis
I"l(, 

I ,d.lhen provs lhalt,,{,z, colverges in.Y.

14. a) Stale and prove Riesz represgntalion Theorem.
b) What do you m€an by weak coniergence?

15. a) Lel fi be a Hilbe( spac€. For

by i,(l)= f (y),f eH'.'ll\en prove thal

iunciional on I1'and the map J1rcn H 1o H"
is a suiective linear isomalry.

b) lllhe underlying space is a Hjlbenspace then showlhat Hahn-Banach
exlension is unique.

i/ is a conti

d€finedby J(
nuoui linear

t)=Jp.a '


