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Third Semester M.Sc. Degree (Reg.) Examination, October20lg
I\4ATHEMATICS

(2017 Admn. Onwards)
MAT3C12 : Functionat Anatysjs

Time:3 HoLrrs [,4ax_ tvtarks ] so

PAFT A

Answerlour questions from this Pan. Each queston caries 4 marks.

1. Showthal i x" i x in r,lhen x. i x in r.

2. Glve an exampe ol an eernent n L, (R)but nor n L, (R ) and prove your c aim.

3. Show lhat the no rms l.l, and l.ll, on K", n = 1,2,... areequvalenl

4. lf X is an infinite dimensional space rhen prcve that I conlains a hyperspace
which is not closed

5 Lelt b"" om-o rnad, >od-eard,,i n/ Drolp or dsp.olp.
r/.l, or,Froes \ ta oo \,..^,-onve.gesinhtorevoryr_y.

6. Give an example ot a tuncton on Kn x K1which is neartn the.fkslva abe
and conjugale symmetric but not an inner producl. Also prcve your cla rn.

PABT - B

Answer 4 questions lrom this Pan without ornilring any U.ji Each queslion

Unit-l
7. a) Stale and prove Jenson s neqlairy.

b) State and prove Biesz Lemma.
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a) Show that a lnear map F lrorn a normed space X lo a normed space Y s a
homeomorphism ii and only iflhere arc d,ll> 0such that pllxl < F(x)l < dllxll
lor al x e X. n case there is a near homeomorphism from X onto Y lhen
prove that X is cornplete ii and only il Y s comp ele.

b) Let X denole a slbspace of B(T) with lh6 sup norm, 1€X and i be a near
iunctionaion X.lll iscont nuo!sand lll = f(1),llref prov€ lhaliis posilive.
Conversely, ir Bex € X whenever x € X and irl is poslve, then prove lhal
f s conlinuous and ll = i(1)

a) Ler x and Y be normed spaces afd X r {0}. Then prove thal BL(X, Y) is a
Banaclr space in the operalor norm ii and on y iY is a Banach space.

b) Let X be a normed space and Y be a Banach space Let X0 be a dense
slbspace of X and Fc EBL(Xo, Y). Then prove thal lhere s a uniqleL BLr\ v,-.1r'c(Ev -.rd,-l .F

ifl ltiltitll ull ltufi

a

9.

10 a)

b)

Unit-ll

Lel X be a normed space and E be a slbset ol X. Ihen prove lhai E is
bounded in X if and only I l(E) ls bounded n K for every I € X'.
Deflne closed map. li a cLosen map F is bijeclive lhen pmve thal ils lnverse Fl

Stale and prove closed qraph theorem.

Del ne open rnap and give an exarnple.

12. a) Let X and Y be normed spaces and F:XiYbe inear. Then prove lhat
F is an open map il and on y i lhere exsts some I > 0 such lhat ior every
yEY, lhere s some x € X wilh F(x) = y and lx <1 yL .

b) Show that lhe open mapp ng lheorem rnay no1 hold I the rang€ of the
near map s not a Banach space.

11. a)

b)

13. a)

b)

Unit - lll

State and prove para eoqram law.

Lel !" be an odhonorrna sei n a H beri
lollowingconditions areequivalenl.
i) {u.} s an orlhonormal basis lor H.

ii) For every x € H, we have
x = x"(x, u")u", whe,e {q u,,...)-{ud

{u1, u',...i= iu":(x, u")+ol.

sprce H Then prcve lhar llre
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iii) Foreveryxe H.weha,,€ l{'?= t^ (x, u")1'z, where {uj, u,,...} = {ud:(x, ud)+ o}.

iv) Span i!") is dense in H.

v) llx€Hand(x,ud) = o ror alld, then x = o.

14. a) LetX bean inner product space andi€ X/. Let{u,, 
'r,,...} 

be an odhoSonal
ser ln x. rhen prove that t"lf(u")I'z < llf |'2.

b) Prove that lhe projection lheorem does not hold lor an incornplele inner
producl space.

1 5. a) Let (x.) be a bounded sequence ln a Hilbert space H then prove lhal it has
a weak convergenl subsequence.

b) Lel H be a Hilbed space over K. ll F, and F, are cosed subspaces ol H,

then prove that (F, + F,)l equals the cLos!re ol Fi+Fra.
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