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MATHEMATICS
MAT3C12 : Functional Analysis

PART A

Answertour qlestions from lhis Pan Each q uesiion carries 4 marks

'L Give an exampe ol an elernenl in ll but not in coo and prove vout cla rn

2. Explain Resz lernnaiorthe norrned space P2 and ts s'rbspace {lx x) e iR'?l

3. ShowlhalthenormsIl,andll l- on Kn, n = 1,2, areequivaent

4. Showlhal coo is not a Banach space

5. Sr ow l_d. a co'Fd -ndp n€.d no' be Lo linuolg

6 Lel H = t2 and lor n = 1 , 2 . and un= (0,...0, 1,0,0,..)where l occurs only

in the nrh enlry. Showrhat lun: n = r,2, ...1ls an odhonorrnal bas s 10 r H

PABT'B

Answer4 questions frorn ihis Part wilhoul orniiting anv Unlt Each quesl on carrles

16 marks.-
Unit - |

7. a) Define LP - space 1or 1 < P < -
b) Let Y be a c osed subspace ol a normed space X. For x + Y in ihe quol enl

space X,rY etllx+Yl- nl{ x+vll:v€ Yl Thenproveihai l lisanom
on X,ry. Also shows thal a seq uence xn +Y) convergesio x +Yln X/Y lf and

only ii ihe.e is a sequence (yn) in Y slch thal (xd + yn) converges lo x n X
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8. a) Lel I and .l'be noms on a tinear space X Then prcve lhat the norm

I isstrorserlhanthenorrnl l'ifandonty h€re s some d > 0 sLrch lhai

lxll'<cx lorB x€x

b) Let X and Y be normed spaces and F : X I Y be a tinear rnap such that rhe

range R(F) oi F s iinile dim ensional. Th€n prove ttr ar F !s conrinuous il and

only fthe zero space Z(F)oi F is closed n X

9. a) Lel X be a linear space over c. Begarding X as a linear space over tR,

cons der a rea lineariuncliona u:X r t. Del ne l(x) = u(x) iu(x) x € X.

Then prove thali is a mmplex lineariunctiona on X.

b) Slaie and prove Hahn-Banach exlension lheo,en.

Unil - ll

1 0. a) Stale and prove Uniiorrn boundedness principte

b) Slale closed graph lheorem

11. a) Show lhal lhe closed graph lheorem may not hotd it lhe domain ot rhe linea r

map is nol a Banach space.

b) Lel X and Y be nonned spaces and F:X ) Y be tineal Tlrei prove that

F ls an open map I and on y I lhere exists some 1> O such thal for every

y € Y, there is some x e X willr F(x)= y and lx l<.r yl

12. a) Prove lhat lhere are scalaG ki € K, n = O, 11 j2, . such ihat kn J O as

n ) 1-, but th€re is no x€ Lr(t n, rl)slch lhal;- tqtoratn = 0, ir,12,....

b) Staie iwo norrn lheorern.
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Unil - lll
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13 a) Slate and prove Schwarz inequa ily
b) Let {ud) be an orthonormat sel in an innerproduct space X and x e X. Let

E" = {u. r(x, u")/ 0). Then proverhat Eo is a couniabte set. A so prove rhal
(x, u")i 0 as n r - ii Ed is a denumerabte ser.

14. a) LetEbeanoihogonatsubseloixand0E E Then prove thal E is tndependent.
A so prove ihat x y I = O tor a[ x + y in E ii E is orthonormat.

b) Staie and prove projection iheorem.

15. a) Deline weak boLrndedness and giv€ an exampte.
b) Prove that a subset oi a Hitbert space s weak bounded if and on v I is


