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I\4ATHEMATICS

MAT4C15 : Operator Theory

PAFi A

Answeranyiour qlestonsjrom ths Parl Each question caiiles 4 marks.

Lei X be a nomed space and A -- BL(X). Prove lhal A is inverlbe il and o.ly
f A is bounded be ow and surleclive

2

3

Lel Xand Y be.omed spacesand F, and F: € BL(X, Y)aid k. K Showlhat

(F + F?) = Fl + F:. (kF,l = kFl

e "1o o"B"r" h dro-p"'l "od'oFl- ' lo Fo

n Y Prove ihal F is oi lnte rank.

an nl n re dimensional nomed space and A . CL(X) Prove lhal

.(A)

s. Lel-H be a Hiben space leach(A,) s sell adioinl operalor in BL(H) and

lA. A ' 0, then prove thal a is sel' adio nl.

6 Prove rhal lhe adlonr of Hllben schmidt operalor on

'is Hrlberl schm dt operalor

a sep. able H lbertspa.e
(4.4=16)
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PART B

An.sp anyrourq'p 01, r'ol lrF I an *, 
'o 

.l o 1rr r 9:n' U Fachqr- rro1

UNIT

7 a) Lel X be a nomed space and A . BL(X) be ol tinile rank Show thal
d!(A)=o.(A)=6(4)

b) Lel X be a Banach space over K and A € BL(X) Show lhatd(A) s acompacl

I a) Lel X be a nomed space and X s separabe. 
'rrove 

thal X s separabe.

o, -"r' p ,"rc rr I qlow '.ir'6drd o'? arr'116 orpq
is lineany isomorphic lo K"wilh lhe norm lr

9 a) Lel X be a nomed spaceand (x^)be aseqlence ii X Then provelhat (x,)
is weak converge.l n X il and only il

) (x^)is a bornded seqlence in X a.d

) rhere s some x e x slch thal x (x^) r x (x) ror eve.y x nsomesubsel
oiX whose span is de.se in X'

o, ". b"d.poudr 6 
'd orFo pa.F\ rl

) (x 
") 

s bou.ded and

) (x ,(x))isa cauchysequence n Klor each |n a subsel oi X whose span

s de.se in X.

Then. prove lhar (x'") s weak'convergent n x .ls the converse l.!e ?.lusl iy

. UNT I

10. a) Le1 X be a rel exive no.med space. Prove lhal every closed subspace oi

.b) Eram ne the rel exivry ot L"(la bl).1< p.,.
11 a) when a normed space X s sa d to be !n tormly convex ,

b) Lel X be a Banach space wh ch ls lnilomlycofvex i. some equ va enl.om.
Then prove thal X is relexive Lslheconverselrle1Jlslfyyo!ranswer
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i2. Lel X be a norned space, Y be a Banach space and F E BL(X, Y) then
pro,p. o

a) cL(X, Y) s a closed subspace or BLlx, Y)

b) F E cL(X. Y)lfand only il F E cL(Y', X).

lJNlr - ll

i3. Ler ll be a H berr space and A e BL(H) Then prove the lo ow n9.

a) A s nleclve I and on y il R(A') s dense in H.

b) The closure ot F{A)equas z(A') .

c) R(A)= H I' and ony ii A" is boLnded below.

14 Lel H be a H ben space and A E BL(ll).

a) ll A is noma, x, and x? are eigenveclo.s of A co(espo.dng lo distincl
eigenvaues.lhen Prove lhal x, x:

b) Prove ihar every spectralva ue oiA s an approxmate egenva!e ol A

c) Delne the.umercal range oi A and show lhal il is bolnded. bll nol

i5. Lel A be compacl operatoron non-zero H lbertspace.

a) Provelhal non zero approximate eigenva ue oiAlsan e genva !e of a and
lhe coresponding egenspace rs rinile dLmensiona

b) li A is sell adjoint, the. prove thai Al or lA lis ai egenvalte ot A.

{4x16=6a)


