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I\TATH EI\,IATICS
MAT1C04 : Basic Topology

T me . 3 Hou.s Max. [4a.ks : go

PAFIT A

Answertour qlesiions irom thls Parl. Each queslion €nies 4 marks.

'. la ^.("..o "to d ooo,odcrlspa.p t^ r PovF -, t ! A

2. Let A and B be subsels oi a lopoloqical space (X,4. Prove rhat

) A is open it and ony ij A = in1(A).

ll) inl (A) !r nr (B). nl (A u B).

3. Le1 A be a slbset 01 a Iopologlcal space (X ,/). P rove rhat rA s a lopotogy on A

4. Prove ihat every subspace ol a separable mehicspace s separabte.

5 Prove lhal a loporogical space (X,.r) is connecled it an.J onty ii ir cannol be
expressed as lhe union ollwo nonemply sets lhal are separated in x.

6. Prove thal a lopoiogicalspace is loca iy pathwise'connected il aniC oniy ifeach
pel_ oaoon6 or ea

PART B

Answer iour queslions fom this Pad wlhout omitting any Unil Each queslion €nies

_ Unit-l
7. a) Prove lhal a iamily.! of subsels ot a set X is a basis jor some lopotogy on

X li and only f

i) x=!,18:B€?tland
ii) rf Br, 82 <., and x € 81. 82 lhen there exisrs B e e, suctr lhal x € B

and B 1Ar.82.
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e. a)

10

b)

b)

c)

8. a) Lel (x, d) be a metric spac€, and deline d : x x x + lR bv d (x v) = min {d(x v)' I }

Ler x = {r 2. 3) and lel B! = {{2), {1, 2}, 11, 3)) be a basis lorr Find

Lel X be a se1 and lel r" be a coleclion ol subsels 01 X such that

X = u{S : S €.t }. Prove that lhere is a unlqle topology 7 on X slch

rhn].r. is a sub basisl0r/

Give an exarnpre oj at6'!.arabre-SF4.E-w!9[1iF-ior second countab e

Prove thal d s a melrtc on I qqd-J!e- lgFoles{ ind u.ced bv d is lhe ropolosv

rn.u..ed o/ d ,/ ; ,\ (
\ -/ \ 'r-{l -' \

p' orc rn-r -", eru seo"r"ute'hi,i i"oate€t:." 
" 
'o-' "" "- !.\v..9lP'

.- -a-d!2:e4.

i] i ; 
" ""Ji"mwm,,ffim:xs,s a n.nemp,y open

' -.i;]ffi;,""-:; #, ;";=; id ". "-*'* - \-$s, -# ,.i"**"...""
ir) rv4-.o-n{e}y\F4n ,e' "'lt$!ler" ""8i"

Lel A be a subset ol a metic'Spa

are equrva.nr . i

Pr6ve lhal lhe lo lowno slalemen!st;i

(X, .7). li c js cosed in

o"pi"tt'pglr. {l
,,"'*i".',7".1"X,g 

'"
Unil - ll

ar.rFr A b- a cocao "' o.-l o' a lopooqical spac"

iA, 7 , prcve lhal C is closed in (X, .7)

b) Stale and p.ove Pasling lemma.

c) Prove lhai the iunction I : I{ -t R'? delined by l(x) = {,,01 is an embedd ng



,'l t I [l t

rr. a) Let (xr. dr) and (x, dr) be melrc spaces roreach = l,2 el r be lhe
lopology on x generaled by d and lel ,r denole the producl lopo ogy on

X = Xr ! X2. Furlhermore el tdenote lhe lopoogy on X generaled by lhe
producl melric d Prove thal I = v

b) Lel (X t) (Yr rj) and (Yr, v, be lopologica spaces and leti rx ) Yj x Y2

be ai!.clio^. Provelhal I is conlnuous i and o.y n nol s co.linlous lor

c) Prove tharlhe ilncllon h:.ri :iF x rRdetined by h(x)= (x'?+ a x3 2x + 6)
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12. a) Lel {(x,,, t.) : d E 
^) 

be an indexed iamrly ol loporoqica spaces, and ror

each a E 
^,let 

(Au, r.aa) be a subspace ol (Xd,./d). The. prove thal lhe

producl ropo osy on fJA. is the same as lhe subspace topolosy on TlA"
s dererm ned by lhe prodlcl lopoloqy on fI x" .

b) Lel {(X.!, ro) : q e r\l be a collection ol topological spaces, rel X be a set,

andioreacha € A eiiuix->xdbealunciion.Ler.Tbelheweakropology
on X iduced by {l{ : d € 

^ 
} and let (Y 4 be alopolog calspace Provelhal

alunclionj Y+X s continuous il and only ftoreachde ,f"or Y+X,,
is..nlinrroLrs _;.-r.t..

:'.'U,injtt|-f.l

13. a) Le1 (X, 7) be a lopolog cal space and let A e X. Prove thal lhe iol owing
condlions are equivalenl :

.D

)

iii)

The subspace (A,.tA) is connecled.

The sei A cannol be expressed as lhe !nion oi two nonenrply sels lhat

There does nol exst U, V € t such thal il 
^ 

A/ Z V.A;4,
U.V^A=OandAcU.V.
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b)

14. a)

b) Give an e)(ample ol a paihwise connecled spac€ which is nol locally

,s "r,, rrr. ",,. 
- ^i+f<ffi-*i)<a"s and suopose,,-a,

'or each o \, x, - a. LeD(AqT;gfurer e lhe o'odLc ropoosy

dtonly il,lor each a e 
^, 

(x", /")or X Prove thal (X, t) is coo

s iolally disconnecled.

rfiqtlt umn rttlmmr/

Prove rlrar (R,t)is connecled, wheret is lhe usuallopology on R.

Prove ihai = [0, 1] has lhe lixed poinl property.

Prove lhat ihe lopologisl s sine curue is connecled bul not paihwise

a>--/9
<rR\^,i4


