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PART A

Answerlour questonsfrom this Pan. Each quesllon carrles4 marks,

1. LetV be lhe realveclor space oia liunclions firom lR inlo R. checkwhelher

the sei of all lsuch lhal f(0) = l(1) is a subspace or nol.

2. Prove that tlre only subspaces ol R ' are L? I and the zero sLrbspace

3. Describe explicilly lhe linear transfomation T lrorn F'? inlo F such thal

l(1 0l={r o,, T\0, 1,-(, d).

4. LelT be a llnearoperatoron R3 del ned byT(x,, x,, \)= (3x,, x, - 4, 2xi + x, + \)
Prove or disprove ihal T is nveldble.

5. In R', let d,= (1, 0, 1), o,= (0, 1, -2), %= ( l, 1, 0)- il is a lnearluncllonal

on lR3 such thal r(o, )= I t(o,)= -1, f(q)= 3 and it d= (a, b, c), tind r(d).

6. LetVbe an inner producl space. The dstance betweentwo veclors dand 0ln

V is delined by d (u, D) = lld 0I. Then show lhal d (d, P) = d(0, a).
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7a)
b)

PABT - B

Answer 4 quesiions lrcrn this part wilhout omlting any Unii. Each qLreslion

UNIT'I

Define bas s oi aveclor spac€ and glve an example

SLrppose P isan n x n inveitible rnatrixoverF LelV be an n dimensiona

veclor space over F, and lel / be an ordered basis ol v. Then prove that

therc ls a unique ordered basis 1l ol V such lhat

Idl,= Pt(l.i

tul" = P'tdl,
lorevery veclor d in V.

L a) Let V be an n-clinrensiona vecior space over lhe lleld F and W be an

n-dimens onal veclor space over F. Thef prove thal the spac-' L(V W) is

I .lte-dim ens onal and has d mens on mn.

b) Lel V a.d W be i niie dirnensional veclor spaces over llr e I eld F such thal

dimV=dimW llT is a linearlransJorrnalion lrom V inlo W, ihen proveihat

lhe iollowing are eq!lvalenl.

) I 15 rnrFn,b

iil T ls nonsinqu ar

iii) T is onlo

9. a) Lel V be an n-dimensional veclor space over the field F and W an

m'dimensiona veclorspace overF Foreach pa roiorder€d bases 3,l lor

V and W respeclvely, the lunciion wh ch assigns io a linear lransJorrnailon

T its matrix lo l ,4 is an isomorphism belween the space L(V, W) and tlre

space oJ m x n mairices overlhe lied F

'b) Lei V be a linile-d rnensional veclor space over lhe fjeld F, and lel

3= {dr ., l1") be a basis lorv. Then prove lhat lhere is a unique dua basls

f' = {il, . . t"} Ior V' such that i(o) = 6 Also prove thal iol each linear

runcrronari on v, i = I:,r(q)1 and ror each vector o in v, c = I:, I (d)d,
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10. a)

b)

tJNIT- tl

Detine charactedstic value ol a linearoperalor.

LetT be a linearoperator on a linite dlmensiona vectorspace V. lfi is llre
chalacteislic polynornial lor T, lhen prove thatl(l - 0.

12

11.

13

a) Lel V be a I niie'dimensional vecior space. What is the rn inimal polynomial

lorthe idenliiy operalor on V ?

b) Lel T is any linear operalor on a vector space V. ll W ls an invadant subspace

for T, then show thal W is invarianl under every polynomial in T and for
each oin V,lhe conducior S (diW)is an idealin the polynomiaialgebra Flxl.

c) ll T is any lnear operator on a vector space V, then show thai the nul

space ofT is invariani underT.

a) Lei V be a linile'dimenslonal veclor space over lhe tield F and lel T be

a llnear operalor on V. Then prove lhat T is liangulable ll and only ll lhe

rnlnimal polynomial for T is a prodlct of linear polynomjals over F.

b) Let € be a commuting lamily ol diagonalzable linear operators on ihe

linite-dimens onalvector space V. Then prove thatthere exists an ordered

basis iorv srrch lhat every operalo. n f is represented in that basis by a

daqonaLmalr r

uNrT, l

a) Lei T be a lnear operator on ihe space V, and lel W,,..., Wr and E,,...., Er

i) Each E,is a projeclion

l) ErEr= 0 ii i+ ji

il) l= Ej +... + Eki

iv) the range oi E is W.

Then prove that a necessary and sufficienl condilons that each subspace

W be invaianl underT jsthaiTcommutes with each ollhe projections E,.
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b) Let V be a t nlie dlmens onal veclor spac€ ard lel T be a near operator on

V and let ( be any nonzero veclor in V and Iel p. be the T'annih alorol a.

Then orove lhe lollowlng

i) ths deqree oi p. ls equa lo lhe djmef s on ol lhe cyclic sLrbspace Z (l}iT)

ii) Ll ihe degree ol p,.ls k, ihen the veclors ri, Td, T?o...., nrc lorm a basls

iorz(o;r).
ili) ll U is lhe linear operalor on Z(d;T) lnduced by T, lhen ihe minjmal

polynorn allor U is P,,.

14 a) LeiT be a linear operalor on lhe finiie dimen s onal veclor space V ovellhe
fie d F. Su ppose thai lhe m n rna polynomlal ior T decomposes over F into

a product ol near polynom a s. Then prove thal there is a diagonallzable

operalor D on v and a nilpolenl operator N on v such thal

b) li A ls lhe cornpanion malrlx ol a mon c polynomial p, then prcve that p ls

both the minima and lhe characl€rlstlc polynomialol A.

15. al Define orllrononnalsel n an inrer product space and give an example

i) T=D+N,
JD DN = ND.

Aso shows lhallhe diagonalzabie operalor D and lhe nilpolent operato r N

are uniquely deterrnined by (l) and (ii) and each oi them is a polynornla ln T

b) Showlhal an orihogona set of nonzero vectors s lnearly ndependenl.

c) Let W be a lin le-dirnensional s!bspace oi an inner product space V and

let E be the orlhogonal prolecton of V on W. Then prove lhal E ls an

dem-polent lnear lranslormation oi V onto W, W' is the n! I space ol E,


