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[4AT 2C 07: Lleasure and lnlegralion

Time 3 Hours Max Marks:8o

PART_ A

Answer any tour qleslions irom lhis Parl. Each queslio. catrles 4 marks

1 Show that ij F is measurab e and m'(F.\G) = 0 lhen G is measllab e

2. Show that rhe LebesgLe measure oi the set ol lml ona s in [0. ]lis I

3 Prove that ouler rneas!re is lransalion invariant.

a rr ,,, 09/ ')" .o-^ tnen,ro,r.a i ,, o. '
5 LeiA. Bbe subsels oi a sel C, etA, B C e -,'iand et ! be a rneasure on:ri

Show lhal f |t(A) = !,(C) < '. then rr(A.B) = r'(B)

6 Ler p > O and I E Lp(!t where I > O. and etln = min (i. n). showfiatin E Lp(!)
ancl lim l. i,=o (a:4=16)

PART _ B

Answeranytour questions frorn llils Paitwithoutom tting any Unil. Each queslion

UNIT-I

7. a) For any seqlence ol sets {El provethal m (U:=,E):I-,m (E)

b) Show thal, ior any sei A and any !i > 0 ihere is an open sel O conlaining A

and such that m'(o) . m'(A) + '
c) ll m'(E) <'lhen prove lhat E is measlrable l and on y ir, v. > 0 I d sioinl

tlnile in1eryals, l j, 12 ..., ln such lhat m iE^ Ul, I ) < e.

PT.O.



8a)
b)

9. a)

b)
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Ia, bl, then prove

Let E 
=N4 

wherc M is

of Lebesgue measurabe s€is:// s a

measurableand m(M) < ' Showlhal
m'(E) + m'(M E)

Prove thal nol every measumble sel s a Bor€lse1.

Le1 i be a non negative measurab e Junclio. The. prove lhal lhere ex sls

a sequence {enl ol sirnple lunclions slch lha1, lor each t. rn(x) ^ i(x)

UN]T_II

I 0 a) Derine an inlegrable runction. Prove thal il f and g are nteg rab e lhen i + g

is ntesrabe and ll dx + Js dx =J (i+ s)dx.

b) Lei {inl be a sequence oi integrable funclons such lhal ln 11. Show that
jldx= m j tndr

c) Lelibea non negative inlegrabeJunciion on [0 1]. Then provethaithere

exisls a meas!rable iunclon o(x) slch lhat ri is lniegrable on [0. 1] and

tr(o +) = '
11. a)

b)

Lel i be a bounded fonclion deiined on the i nite interva

lhal f i s Riernann lnlegrabe ov€r ta, bl I, and on y ii I

Ler i be bounded and measurable on a iin te iftetua [a
Then prove thal lhere exst

(r) a slep lLrnclon h such ihal J'f h dx. e

(ii) a cont nuolsllncllong slch lhal g vanishes ouls de a

lr !,r^

12. a) Let !L'be an oule. neasure on :7(€1) and et S' denole the class ol |L'
m€asurable seis Then prove thal S'is a o-rinq and |L'resircted 10 S' s a
compl€ie measure.

lt) Prove thal the ouler measlre p' on -rl(eri) deiined r on F and lhe

correspond ng outer measure del ned by F on S(etl) and i oi S'are the
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UNIT II

13. a) Let E and F be measurable sels, i e L(E) and p(EAF) = 0 then prove thal
i € L(F) andiE i =JFi.

b) Letl be a nreasurabe iunction and leli= g a.e. (tr), where sis a complele
measure Then prcve that g is measurable. Further show lhalcompLeie ol

! s necessary.

c) Let [X, S, l'l be a measr]rc space and I a non nesalive rneasurab e funclion
ften prove rhar O(E) = jE i dp is a measr€ on he measurable space [x, sl
Furlher prove llral i J I d! < n, lhen ve > 0, :D > 0 slch that, if A c S and

FlA) < 5,lhen S(A) <..

14 a) Siaie and prcve Ho d€ls inequality. State and prove necessary and sutiicieni
condion lor equally occurs ln Holdeis inequality

b) Lei0<p<l andl>0,s>o,l g c LP(F). Show lhal li+ I p> li lo+ lg p

'i ai Provolrril p ' rno I,lEasequ€nLe nlp,-r)u.hrrr l. -ln o .0
ds- 11 .o rho. lre'e e,i>l: d l--' 10- | ano d s-qJencp 1 srchlhal
mln=fa.e Flrrher prove llral L. Lp(!) and lin iJp '0.

b) Prove lhai I finl s a seqrence in L'(A) such lhat lin r.l, i 0 as n,

m + -,lhen lhere exlsis alunclion i such thal lim In =l a e,I € L"(B) and
liri fn i -=0. (a:16=64)


